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This paper carries forward Sherman and Ostrach’s (J. Fluid Mech. 24 (1966)
661–671) analysis for the magnetohydrodynamic thermal stability problem in com-
pletely conﬁned ﬂuids and derives a bound for the linear complex growth rate of
an arbitrary oscillatory perturbation which may be neutral or unstable through the
use of some nontrivial integral estimates obtained from the coupled system of per-
turbation equations governing the problem.  2001 Academic Press
1. INTRODUCTION
Sherman and Ostrach [1] examined the magnetohydrodynamic (MHD)
thermal stability problem in completely conﬁned ﬂuids and showed that for
a very large Chandrasekhar number Q, if the magnetic Prandtl number P2
is less than or equal to the thermal Prandtl number P1, then the principle of
exchange of stabilities (PES) is valid. This in simple terms expresses the fact
that while temporally oscillatory perturbations are not excluded, they will
in fact be stable. Thus, if P2 > P1, then oscillatory unstable perturbations
may be allowed, and it therefore becomes important to derive bounds for
the complex growth rate of such perturbations, keeping in view the fact
that exact solutions of the problem, even in the case of simple horizontal
layer geometry, are not obtainable in a closed form. This paper is aimed
precisely in this direction.
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FIG. 1. Schematic representation of the physical conﬁguration.
2. THE PHYSICAL CONFIGURATION
A viscous, quasi-incompressible (Boussinesq), electrically conducting
ﬂuid with a positive coefﬁcient of thermal expansion is statically conﬁned
in an arbitrary, completely enclosed, simply connected region R (with
bounding surface S) in the three-dimensional Euclidean space 3 (see
Fig. 1). A constant temperature gradient is maintained parallel to the body
force (gravity here) acting on the ﬂuid by the imposition of certain pre-
scribed thermal boundary conditions on the rigid bounding walls. If the
temperature gradient is in the direction of body force, then a potentially
unstable, “top-heavy” arrangement results. Our objective is to examine the
stability of this conﬁguration in the presence of a uniform magnetic ﬁeld
applied in an arbitrary direction.
3. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
The basic nondimensional linearized perturbation equations governing
the problem, upon ascribing a time dependence of the form expnt n =
nr + ini, being complex in general) to all the time-dependent variables, are
given by [1]
divU = 0
 (3.1)
n
P1
U = −Rakˆ−
1
P1
grad− curl curlU
+QcurlH × lˆ
 (3.2)
∇2 − n = U · kˆ
 (3.3)
curl curlH+ nP2
P1
H = curl(U× lˆ)
 (3.4)
div H = 0
 (3.5)
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and
either U = 0 =  = nˆ× curlH (3.6)
or U = 0 = ∇ · nˆ = nˆ× curlH
 (3.7)
on the bounding surface S.
In the foregoing equations, U is the disturbance velocity;  is the temper-
ature modiﬁcation of the initial linear proﬁle;  is the pressure deviation
from the initial distribution, H is the induced magnetic ﬁeld; P1 = νκ is
the thermal Prandtl number, with ν as the kinematic viscosity and κ as the
thermal diffusivity; P2 = νη is the magnetic Prandtl number, with η as the
magnetic diffusivity; Ra = gαβd
4
κν
is the Rayleigh number, with g as the grav-
itational constant, α as the thermal expansion coefﬁcient, β as the main-
tained uniform temperature gradient, and d as the characteristic length;
Q = µeH20d24πρνη is the Chandrasekhar number, with µe as the magnetic perme-
ability, ρ as the mean ﬂuid density, and H0 as the magnitude of the applied
magnetic ﬁeld; and kˆ
 lˆ, and nˆ, respectively, denote the unit vectors in the
directions of the vertical, the magnetic ﬁeld, and an outward normal to an
element of the surface S. Further, the equations have been nondimension-
alized by using d
 κ
d

 βd
 ρνκ
d2

 d
2
κ
, and κH0
η
as the scale factors for length,
velocity, temperature, pressure, time, and magnetic ﬁeld, respectively.
The system of Eqs. (3.1)–(3.5) together with either of the boundary con-
ditions (3.6) or (3.7) constitute an eigenvalue problem for the complex
growth rate n = nr + ini for given values of P1
 P2
 Ra, and Q and a given
state of the system is stable, neutral, or unstable according to whether nr
is negative, zero, or positive. Further, if nr = 0 ⇒ ni = 0, then the PES is
valid; otherwise, we have overstability, at least when instability sets in as
certain modes.
4. MATHEMATICAL ANALYSIS
We prove the following lemmas and a theorem.
Lemma 1 (Poincare´’s Inequality). If f x
 y
 z is any function that van-
ishes on S and l is the smallest distance between two parallel planes that
contain just R, then there exists a constant λ >2 such that∫
R
∇f 2dv ≥ λ
l2
∫
R
f 2dv" (4.1)
Proof. See Joseph [2].
Subsequently, for convenience in writing, we omit R and the inﬁnitesimal
volume dv from the integral sign and the integrand, respectively.
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Lemma 2. If A is a nontrivial solenoidal vector ﬁeld (i.e., div A = 0), then
∫
curlA × tˆ2 <
∫
curlA2
 (4.2)
where tˆ is a unit vector in the direction of A and the square of the modulus of
a vector ﬁeld denotes its dot product with itself.
Proof. See Gupta and Kaushal [3].
Lemma 3. If n
U

H is a solution of 3"1–3"5 together with either
of the boundary conditions (3.6) or (3.7) then the following integral relations
hold: ∫
E∗ · curl curlE =
∫
curlE2
 (4.3)
∫
U∗ · graddivkˆ = 0 =
∫
U∗ · gradlˆ · curl curlH
 (4.4)
∫
∗∇2 = −
∫
∇2 =
∫
∇2∗
 (4.5)
∫
U∗ · ∇2kˆ =
∫
∇22 + n∗
∫
∇2
 (4.6)
and
∫
U∗ · lˆ × curl curl curlH =
∫
curl curlH2 + n
∗P2
P1
∫
curlH2
 (4.7)
where “∗” indicates a complex conjugate and E = U or H.
Proof. The Gauss divergence theorem together with an appropriate use
of either of the boundary conditions (3.6) or (3.7) yields the integral rela-
tions (4.3)–(4.5). Further, to derive integral relations (4.6) and (4.7), we
also make use of Eqs. (3.3) and (3.4), respectively.
Lemma 4. If n
U

H
 n = nr + ini
 ni = 0, is a solution of Eqs.
(3.1)–(3.5) together with either of the boundary conditions (3.6) or (3.7) and
Q is large, then the following integral relations hold:
1+ P2
QP1
∫
curlU2 + 2nr
∫
U2 = Ra
Q
(
P2
P1
− 1
) ∫
∇2 (4.8)
and
1
QP1
∫
curlU2 + Ra
Q
∫
∇2 = P2
P1
∫
curlH2" (4.9)
Proof. Since ni = 0, integral relation (4.8) is a consequence of Eq. (26)
of Sherman and Ostrach [1].
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To derive integral relation (4.9), we operate on Eq. (3.2) with ( 1
Q
curl curl)
and obtain
n
QP1
curl curlU+Ra
Q
∇divkˆ − Ra
Q
∇2kˆ− ∇lˆ · curl curlH + lˆ
× curl curl curlH = − 1
Q
curl curl curl curlU" (4.10)
Taking the dot product of Eq. (4.10) with U∗, integrating the resulting
equation over the region R, using Lemma 3 and the fact that Q is large,
we get
n
QP1
∫
curlU2 − Ra
Q
∫
∇22 + n∗∇2
+
∫
curl curlH2 + n
∗P2
P1
∫
curlH2 = 0" (4.11)
Equating the imaginary part of Eq. (4.11) to zero and cancelling ni =0,
we get the desired integral relation (4.9).
Theorem. If n
U

H
 n = nr + ini
 nr ≥ 0
 ni = 0 is a solution of
Eqs. (3.1)–(3.5) together with either of the boundary conditions (3.6) or (3.7),
then for Ra > 0
 P2 > P1 and large Q, we have
n < min
{
QP1

RaP2 − P1l2
λ1+ P2
}
"
Proof. Multiplying Eq. (3.3) with its complex conjugate, integrating over
R, and using the integral relation (4.5) of Lemma 3, we have∫ ∣∣∇2∣∣2 + 2nr
∫
∇2 + n2
∫
2 =
∫
U · kˆ2 <
∫
U2 (4.12)
Since n = 0, it therefore follows from inequality (4.12) that
∫ ∣∣2 < 1n2
∫
U2" (4.13)
Multiplying Eq. (3.3) by ∗, integrating over R, using Lemma 3, and equat-
ing the real parts of the resulting equation, we have∫ ∣∣∇∣∣2 + nr
∫
2 = real part of
[
−
∫
∗
(
U · kˆ)] ≤ ∣∣∣−
∫
∗
(
U · kˆ)∣∣∣
≤
∫ ∣∣∗∣∣∣∣(U · kˆ)∣∣

which, on using Schwartz inequality and the fact that nr ≥ 0, gives∫
∇2 ≤
( ∫
2
)1/2( ∫
U · kˆ2
)1/2
≤
( ∫ ∣∣2)1/2( ∫ U2)1/2" (4.14)
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Inequalities (4.13) and (4.14) imply that
∫ ∣∣∇∣∣2 ≤ 1n
∫
U2" (4.15)
Since div U = 0, it thus follows from integral relation (4.3) that
∫ ∣∣curlU∣∣2 = − ∫ U∗ · ∇2U = ∫ ∇u2 + ∇v2 + ∇w2
 (4.16)
where we have taken U = u
 v
w.
Equation (4.16), on using Lemma 1, gives
∫ ∣∣U∣∣2 ≤ l2
λ
∫ ∣∣curlU∣∣2" (4.17)
Combining inequalities (4.15) and (4.17), we get
∫ ∣∣∇∣∣2 ≤ l2
λn
∫
curlU2" (4.18)
Under the given conditions of the theorem, it follows from Eq. (4.8) and
inequality (4.18) that
[
n − RaP2 − P1l
2
λ1+ P2
] ∫ ∣∣curlU∣∣2 + 2QP11+ P2nr
∫ ∣∣U∣∣2 < 0" (4.19)
Since nr ≥ 0, inequality (4.19) clearly implies that
n < RaP2 − P1l
2
λ1+ P2
" (4.20)
Further, taking the dot product of Eq. (3.4) with its complex conjugate,
integrating over R, and using Lemma 3, we get
∫ ∣∣curlcurlH∣∣2+ 2nrP2
P1
∫ ∣∣curlH∣∣2+ P22
P21
n2
∫ ∣∣H∣∣2=∫ curlU× lˆ2" (4.21)
Since nr ≥ 0 and ni = 0, it therefore follows from Eq. (4.21) and
Lemma 2 that ∫ ∣∣curl curlH∣∣2 < ∫ ∣∣curlU∣∣2 (4.22)
and
∫ ∣∣H∣∣2 < P21
P22 n2
∫ ∣∣curlU∣∣2" (4.23)
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Now ∫ ∣∣curlH∣∣2 = ∫ H∗ · curl curlH = ∣∣∣
∫
H∗ · curl curlH
∣∣∣
≤
(∫
H2
)1/2(∫
curl curlH2
)1/2
which, on using inequalities (4.22) and (4.23), gives
∫ ∣∣curlH∣∣2 < P1
P2n
∫ ∣∣curlU∣∣2" (4.24)
Using inequality (4.24) in Eq. (4.9), we have
n −QP1
∫ ∣∣curlH∣∣2 + P1Ran
∫ ∣∣∇2 < 0" (4.25)
Inequality (4.25) implies that
n < Q P1" (4.26)
We note that inequality (4.26) is valid without the condition P2 > P1 of the
theorem.
It now follows from inequalities (4.20) and (4.26) that under the condi-
tions of the theorem, we must have
n < min
{
QP1

RaP2 − P1l2
λ1+ P2
}
"
The essential content of the theorem from the point of view of stability the-
ory is that the complex growth rate n = nr + ini of an arbitrary oscillatory
ni = 0 perturbation, which may be neutral nr = 0 or unstable nr > 0
for the problem under consideration, when the Rayleigh number Ra > 0,
the Chandrasekhar number Q is large, and the magnetic Prandtl number
P2 is greater than the thermal Prandtl number P1, lies inside a semicircle
with center origin and radius equal to
min
{
QP1

RaP2 − P1l2
λ1+ P2
}
in the right half of the complex n-plane. Further, this result is valid for rigid
thermally conducting or rigid thermally nonconducting bounding surfaces.
We remark here that the derivation of the sufﬁcient condition of Sherman
and Ostrach [1] for the validity of PES without the large Q restriction,
and consequently the derivation of the foregoing result when the sufﬁcient
condition does not hold good, are open problems that we hope can be
resolved in the near future.
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